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Chapter 14

Statistical Functions

This chapter lists and describes many of Mathcad's built-in statistical
functions. These functions perform a wide variety of computational
tasks, including statistical analysis, interpolation, regression, and
smoothing.

The following sections make up this chapter:

Population and sample statistics

Functions for computing the mean, variance, standard deviation, aetheo
tion of data.

Probability distributions

Functions for evaluating probability densities, cumulative probability distri-
butions and their inverses for over a dozen common distribution functions.

Histogram function

How to count the number of data values falling into specified intervals.
Random numbers

Generating random numbers having various distributions.
Interpolation and prediction functions

Linear and cubic spline interpolation. Functions for multivariate interpola-
tion.

Regression functions

Functions for linear regression, polynomial regression, and regression using
combinations of arbitrary functions.

Smoothing functions

Functions for smoothing time series with either a running median, a Gaussian
kernel, or an adaptive linear least-squares method.
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Population and sample statistics

Mathcad includes eight functions for population and sample statistics. In the following
descriptionsmandn represent the number of rows and columns in the specified arrays.
In the formulas below, the built-in variab®RIGIN is set to its default value of zero.

meanf) Returns the mean of the elements ofar n airaging the formula:

1m1n1

mear(A) = Zo

medianf) Returns the median of the elements ofrar n alrabhis is the value
above and below which there are an equal number of valuehd$ an
even number of elements, this is the arithmetic mean of the two central
values.

var(A) Returns the population variance of the elements af am Anaing
the formula:

var(A) = z Z|A —mear(A)|2

Var(A) Returns the sample variance of the elements afiann Arteyng
the formula:

var(A) = —— Z) Z . j—mear(A)|?

cvarA, B) Returns the covariance of the elements imthen afraywiB using
the formula:

cvar(A,B) = El_ Zo i -—mear(A)][Bi’j—mear(B)]

where the bar indicates complex conjugation.

stdev@) Returns the population standard deviation (square root of the variance)
of the elements of themx n  arrdy.
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stdeyA) = Jvar(A)

Stdev@f)  Returns the sample standard deviation (square root of the sample vari-
ance) of the elements of tlhex n  array

StdeyA) = JVar(A)

corr(A, B) Returns a scalar: the correlation coefficient (Pearsdiits the two
mx n arraysA andB.

I
Probability distributions

Mathcad includes several functions for working with several common probability

densities. These functions fall into three classes:

m Probability densities: These give the likelihood that a random variable will take
on a particular value.

m Cumulative probability distributions: These give the probability that a random
variable will take on a valuless than or equal ta specified value. These are
obtained by simply integrating (or summing when appropriate) the corresponding
probability density over an appropriate range.

m Inverse cumulative probability distributions: These functions take a probability
as an argument and return a value such that the probability that a random variable
will be less than or equal tthat value is whatever probability you supplied as an
argument.

Probability densities

These functions return the likelihood that a random variable will take on a particular
value. The probability density functions are the derivatives of the corresponding
cumulative distribution functions discussed in the next section.

dbetdx, s;, s,) Returns the probability density for the beta distribution:

F(s;+s,)

R S T -1
ORI

in which (s, s,>0) are the shape parameté®< x < 1)

dbinomg, n,p) ReturnsP(X = k) when the random variallénas the binomial
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distribution:

n! n—
mpk(l—p) k

in whichn andk are integers satisfyinG< k< n p.satisfies
O<sps=s1.

dcauchyy, I, s) Returns the probability density for the Cauchy distribution:
(ms(1 + ((x=1)/s)2))L
in whichl is a location parameter asd>0  is a scale parameter.

dchisqk, d) Returns the probability density for the chi-squared distribution:

e¥/2 xpfd/2-1)
2r(d/2)20

in which d >0 is the degrees of freedom and 0
dexpé, r) Returns the probability density for the exponential distribution:
rerx
in whichr >0 is the rate and>0

dF(x, dy, d, ) Returns the probability density for tRedistribution:

d$""2d%2r ((d, + dy)/2) K(d1=2)72
T(@/2T (02 (4,400 0)/2

in which(d,, d, >0) are the degrees of freedom arwl0

dgammax, s) Returns the probability density for the gamma distribution:

XS— 1e—x
r(s)

in which s> 0 is the shape parameter ate 0

dgeomk, p) ReturnsP(X = k) when the random variablénas the geometric
distribution:

p(1-p)k

inwhichO<p<1 isthe probability of success dad a nonnegative
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integer.

dinorm(x, 4, 0 ) Returns the probability density for the lognormal distribution:

1

J2mox

in whichp is the logmean and is the logdeviationx >0

1
expi==5(In(X) ~ )

dlogis, I, s) Returns the probability density for the logistic distribution:

exp(—(x—=1)/s)
s(1+ exp(—(x—=1)/s))2

in whichl is the location parameter as¢ 0  is the scale parameter.

dnbinomg, n, p) ReturnsP(X = k) when the random variablédas the negative
binomial distribution:

+ k-1
L Bra-e)
in whichO<p<1 andhandk are integersn>0 ank=0

dnorm(x, 4, 0 ) Returns the probability density for the normal distribution:

1 o1

g
expr——(x—H)?
o H 202 O
in whichpy ando are the mean and standard deviatior. 0

dpoisk, A) ReturnsP(X = k) when the random variallénas the Poisson
distribution:

Ak
R!—e

in which A >0 andkis a nonnegative integer.

dt(x, d) Returns the probability density for StudemtBstribution:

2 —(d+1)/2
r((d+1)/2) +x_%
r(d/2).J/md d

in whichd is the degrees of freedom>0  axi real.

dunif(x, a, b) Returns the probability density for the uniform distribution:
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dweibull(x, s)

1
b-a

in whichb anda are the endpoints of the interval wihx b and
as x< b.

Returns the probability density for the Weibull distribution:
sx~ Lexp(—xS)

in which s> 0 is the shape parameter ate 0

Cumulative probability distributions

These functions return the probability that a random variable is less than or equal to a

specified value. The cumulative probability distribution is simply the probability
density function integrated fromeo  to the specified value. For integer random
variables, the integral is replaced by a summation over the appropriate range.

The probability density functions corresponding to each of the following cumulative
distributions are given in the section “Probability distributions” on page 287.

Figure 14-1 at the end of this section illustrates the relationship between these three

functions.

cnormg)

pbetdx, s, S,)

pbinomg, n, p)

pcauchyx, |, s)

pchisqk, d)

pexp, r)

pF(x, dy, d, )

Returns the cumulative standard normal distribution function. Equiv-
alent topnorm(x, 0, 1) .

Returns the cumulative beta distribution with shape paramsfers
ands, .(s;,5,>0) .

Returns the cumulative binomial distribution fosuccesses in
trials.nis a positive integepis the probability of succesB< p< 1

Returns the cumulative Cauchy distribution with scale pararseter
and location parametérs>0.

Returns the cumulative chi-squared distribution in whdchO is
the degrees of freedom.

Returns the cumulative exponential distribution in whichO is the
rate.

Returns the cumulativedistribution in which(d,, d, >0) are the
degrees of freedom.
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pgammax, S) Returns the cumulative gamma distribution in which0 is the
shape parameter.

pgeomk, p) Returns the cumulative geometric distributipis the probability of
successO<ps<1

plnorm(x, 4, 0 ) Returnsthe cumulative lognormal distribution having logmesard
logdeviationa >0 .

plogis, |, ) Returns the cumulative logistic distributidns the location param-
eter.s>0 is the scale parameter.

pnbinomg, n, p) Returns the cumulative negative binomial distribution in which
0<p<1.nmustbe a positive integer.

pnorm(x, 4, 0 ) Returnsthe cumulative normal distribution with mgand standard
deviationc. 0 >0.

ppoisk, A) Returns the cumulative Poisson distributiare 0

pt(x, d) Returns the cumulative Studerttdistribution.d is the degrees of
freedom.d >0 .

punif(x, a, b) Returns the cumulative uniform distributidnanda are the end-
points of the intervala<b

pweibullx, s)  Returns the cumulative Weibull distributios> 0

Inverse cumulative probability distributions
These functions take a probabilfiys an argument and return the value sidich that
P(X<Xx) = p.

The probability density functions corresponding to each of the following inverse
cumulative distributions are given in the section “Probability distributions” on page
287.

gbetap, s;,s,) Returns the inverse beta distribution with shape paramgters  and
S,.0<p<1 ands},s,>0 .

gbinomf, n,r) Returns the number of successes frials of the Bernoulli process
such that the probability of at most that number of succespes is
is the probability of successon asingletitet r < 1 Qmdp <1
n must be an integer greater than zero.

gcauchyp, I, s) Returns the inverse Cauchy distribution with scale paramseted
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location parametdr s>0.0<p<1.

gchisqp, d) Returns the inverse chi-squared distribution in whdchO is the
degrees of freedorfi<p<1

gexpp, r) Returns the inverse exponential distribution in whichO is the
rate.0sp<1.

gF(p, dy, d,) Returns the inverdedistribution in which(d,, d, > 0) are the
degrees of freedofi<p<1

ggammag, s)  Returns the inverse gamma distribution in which0 is the shape
parameter0<p<1

gqgeomp, r) Returns the inverse geometric distributioms the probability of
success on asingle tridl<p<1 af&kr<1

glnorm(p, 4, 0 ) Returns the inverse lognormal distribution having lognpeand
logdeviationc>0 O<p<1 .

glogis, I, s) Returns the inverse logistic distributidns the location parameter.
s>0 is the scale parametéf<p<1

gnbinom, n, r) Returns the inverse negative binomial distribution with siaed
probability of success O0<r<1 andO<p<1.

gnorm(, 4, 0 ) Returns the inverse normal distribution with mgamd standard
deviationo. 0 >0 andO<p<1 .

qgpoisfp, A) Returns the inverse Poisson distributiarn= 0 agp<1

qt(p, d) Returns the inverse Studeritdistribution.d is the degrees of
freedom.d>0 and<p<l1

qunif(p, a, b) Returns the inverse uniform distributidnanda are the endpoints
of the intervala<b and<p<1

gweibullp,s)  Returns the inverse Weibull distributiosi>0 ad&p<1
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Figure 14-1: Relationship between probability densities, cumulative distribu-
tions, and their inverses.

Histogram function

Mathcad includes a functiomist, for computing frequency distributions for histo-
grams:

hist(int, A) Returns a vector representing the frequencies with which valdefalh
in the intervals represented by the vector. The elements in baift
andA must be real. In addition, the elementmtfmust be in ascending
order. The resulting vector is one element shorter ititan

Mathcad interpretmt as a set of points defining a sequence of intervals in a histogram.
The values innt must should be in ascending order. The result of this function is a
vectorf, in whichf; is the number of valuesAnsatisfying the condition:

int, <value< int 4
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Mathcad ignores data points less than the first valire ior greater than the last value
in int. Figure 14-2 shows how to use histograms in Mathcad.
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Figure 14-2: A histogram.

Random numbers

Mathcad comes with a number of functions for generating random numbers having a
variety of probability distributions. The functional forms of the distributions associated
with the following functions are given in the section “Probability distributions” on page
287.

rbetam, s, s,) Returns a vector oh random numbers having the beta distribution.
S;» S, >0 are the shape parameters.

rbinom(n, n,p) Returns a vector afirandom numbers having the binomial distribu-
tion. 0<p<1.nis an integer satisfying > 0

rcauchyfn, |, s) Returns a vector ah random numbers having the Cauchy distribu-
tion. s> 0 is the scale parametérs the location parameter.

rchisgn, d) Returns a vector ah random numbers having the chi-squared
distribution.d > 0 is the degrees of freedom.
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rexp(m,r) Returns a vector ah random numbers having the exponential
distribution.r > 0 is the rate.

rkE(m, d,d,)  Returns a vector ah random numbers having tkedistribution.
d,, d, > Oare the degrees of freedom.

rgammaf, s)  Returns a vector gh random numbers having the gamma distribu-
tion. s>0 is the shape parameter.

rgeom, p) Returns a vector ah random numbers having the geometric distri-
bution.0O<p<1.

rlnorm(m, 4, 6) Returns a vector ah random numbers having the lognormal distri-
bution in whichp is the logmean and >0 is the logdeviation.

rlogis(m, I, s) Returns a vector ah random numbers having the logistic distribu-
tion in whichl is the location parameter asd 0 is the scale
parameter.

rnbinomfn, n, p) Returns a vector ahrandom numbers having the negative binomial
distribution.0<p <1 .nis an integer satisfying >0

rnorm(n, y, 0) Returns avector ehrandom numbers having the normal distribution
with meanp and standard deviation > 0

rpois(mn, A) Returns a vector ah random numbers having the Poisson distribu-
tion.A>0.

rt(m, d) Returns a vector gh random numbers having Studemttistribu-
tion.d>0.

runif(m, a, b) Returns a vector afirandom numbers having the uniform distribu-
tion in whichb anda are the endpoints of the interval aag b

rnd(x) Returns a uniformly distributed random number between &and
Equivalent torunif(1, O, x) .

rweibull(m,s)  Returns a vector gh random numbers having the Weibull distribu-
tion in whichs> 0 is the shape parameter.

Each time you recalculate an equation containing one of these functions, Mathcad
generates new random numbers. To force Mathcad to generate new random numbers
click on the equation containing the function and chd@aleulate from theMath

menu. Figure 14-3 shows an example of how to use Mathcad's random number
generator. Figure 14-4 shows how to generate a large vector of random numbers having
a specified distribution.
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These functions have a “seed value” associated with them. Each time you reset the seed,
Mathcad generates new random numbers based on that seed. A given seed value will
always generate the same sequence of random numbers. Cl@aisinigte from the

Math menu advances Mathcad along this random number sequence. Changing the seed
value, however, advances Mathcad along an altogether different random number
sequence.

To change the seed value, choGgtions from theMath menu and change the value
of “seed” on the Built-In Variables tab. Be sure to supply an integer.

To reset Mathcad's random number generator without changing the seed value, choose
Options from theMath menu, click on the Built-In Variables tab, and click “OK” to
accept the current seed. Then click on the equation containing the random number
generating function and chooSalculate from theMath menu. Since the randomizer

has been reset, Mathcad generates the same random numbers it would generate if you
restarted Mathcad.
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Figure 14-3: Uniformly distributed random numbers. Since the random
number generator generates different numbers every time, it's unlikely that
you'll be able to reproduce this example exactly as you see it here.
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Figure 14-4: A vector of normally distributed random numbers. Since the
random numbers are different every time, it's unlikely that you'll be able to
reproduce this example exactly as you see it here.

If you want to check a test case several times with the same random numbers, reset the
random number generator between calculations as described above.

To see a new set of random numbers, change the seed value as described above. Th
causes Mathcad to generate a different set of random numbers from what you see wher
you start Mathcad. Each time you want to reset Mathcad to regenerate these random

numbers, reset the seed as described above. To see a different set of random number
change the seed value.

Interpolation and prediction functions

Interpolation involves using existing data points to predict values between these data
points. Mathcad allows you to either connect the data points with straight lines (linear
interpolation) or to connect them with sections of a cubic polynomial (cubic spline
interpolation).

Unlike the regression functions discussed in the next section, these interpolation
functions return a curve which must pass through the points you specify. Because of
this, the resulting function is very sensitive to spurious data points. If your data is noisy,
you should consider using the regression functions instead.
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Linear prediction involves using existing data values to predict values beyond the
existing ones. Mathcad provides a function which allows you to predict future data
points based on past data points.

Whenever you use arrays in any of the functions described in this section, be sure that
every element in the array contains a data value. Since every element in a array must
have a value, Mathcad assigns 0 to any elements you have not explicitly assigned.

Linear interpolation

In linear interpolation, Mathcad connects the existing data points with straight lines.
This is accomplished by tHimterp function described below.

linterp(vx, vy, X) Uses the data vectovs andvy to return a linearly interpolated
value corresponding to the third argumenthe argumentex and
vy must be vectors of the same length. The vectanust contain
real values in ascending order.

To find the interpolated value for a particulaMathcad finds the two points between
which the value falls and returns the corresponglivejue on the straight line between
the two points.

Forx values before the first point irx, Mathcad extrapolates the straight line between
the first two data points. Farvalues beyond the last pointir, Mathcad extrapolates
the straight line between the last two data points.

For best results, the valuexoghould be between the largest and smallest values in the
vectorvx. Thelinterp function is intended for interpolation, not extrapolation. Conse-
quently, computed values faoutside this range are unlikely to be useful. Figure 14-
5 shows some examples of linear interpolation.
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Figure 14-5: Examples of linear interpolation. Since the random number
generator gives different numbers every time, you may not be able to recreate
this example exactly as you see it.

Cubic spline interpolation

Cubic spline interpolation lets you pass a curve through a set of points in such a way
that the first and second derivatives of the curve are continuous across each point. This
curve is assembled by taking three adjacent points and constructing a cubic polynomial
passing through those points. These cubic polynomials are then strung together to form
the completed curve.

To fit a cubic spline curve through a set of points:

m Create the vectorsx andvy containing thex andy coordinates through which you
want the cubic spline to pass. The elementsxathould be in ascending order.
(Although we use the namesg, vy andvs, there is nothing special about these
variable names; you can use whatever names you prefer in your own work.)

m  Generate the vectars := csplingvx, vy) . The vectaris a vector of intermedi-
ate results designed to be used witierp.

m To evaluate the cubic spline at an arbitrary point x€agvaluate
(interp(vs, vx, vy, Xx0) wherevs, vx andvy are the vectors described earlier.

Note that you could have accomplished the same task by evaluating:

interp( csplinévx, vy), vx, vy, x0)
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As a practical matter, though, you'll probably be evaluatiteyp for many different
points. Since the call tcsplinecan be time-consuming, and since the result won't
change from one point to the next, it makes sense to do it once and just reuse the result

as described above.

Figure 14-6 shows how to compute the spline curve for the example in Figure 14-5.
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Figure 14-6: Spline curve for the points stored in x and y. Since the random
number generator gives different numbers every time, you may not be able to

recreate this example exactly as you see it.

Here is a description of the steps involved in the example in Figure 14-6:

m The equation with thesplinefunction computes the arrag containing, among
other things, the second derivatives for the spline curve used to fit the pairts in

andvy.

m  Once thersarray is computed, thieterpfunction computes the interpolated values.

Note that thersarray needs to be computed only once, even for multiple interpolations.
Since the spline calculations that lead$@re time-consuming, it is more efficient to
store these intermediate results as a vector than it is to recalculate them as needed.

In addition tocspline Mathcad comes with two other cubic spline functions, as

described below:
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csplinegx, vy) These all return a vector of intermediate resukswhich is used in

pspline¢x, vy)  theinterp function described below. Arguments andvy must be

Isplinef/’x, vy)  rea vectors of the same length. The valuasimust be real and in
ascending order.

These three functions differ only in the boundary conditions:

m Thelsplinefunction generates a spline curve that approaches a straight line at the
endpoints.

m  Thepsplinefunction generates a spline curve that approaches a parabola at the
endpoints.

m Thecsplinefunction generates a spline curve that can be fully cubic at the endpoints.

interpvs, vx, vy, X Returns the interpolatgdvalue corresponding to the argu-
mentx. The vectowrs is a vector of intermediate results
obtained by evaluatinigpline, pspling orcsplineusing the
data vectorgx andvy.

To find the interpolated value for a particwaMathcad finds the two points between
which it falls. It then returns thevalue on the cubic section enclosed by these two
points. Foix values before the first point irx, Mathcad extrapolates the cubic section
connecting the first two points gk. Similarly, forx values beyond the last point in
vX, Mathcad extrapolates the cubic section connecting the last two points of

For best results, do not use theerp function on values of far from the fitted points.
Splines are intended for interpolation, not extrapolation. Consequently, computed
values for suclx values are unlikely to be useful.

Interpolating a vector of points

You can use the vectorize operator to return a whole vector of interpolated values
corresponding to a vector of data points. This works with lménp andlinterp.

Figure 14-7 shows how to perform this operation. To apply the vectorize operator to
the function, click on the function name and pf&ace ] until the function is between

the two editing lines. Then pregstrl ]- (hold down thgCtrl ] key and press the
minus sign).

Interpolation and prediction functions 301



g Mathcad I[=] B3

fra File Edit “iew |nsert Format Math Symbolics Window Help _|ﬁ||1|
i =0.5 v o= vy; = md{1] j
i vs = Ispline( vx )
0.001 - oP Y
0.564 i=0.50 i
0.001
0.193 =i 04
0 809 L ’ 0.091
0.685 0.178
0.48
Use vec operator 0.262
on interp function 0.339
to interpolate for interp(vs. vx. vy. x) =
all elements of x. 0.409
0.468
0.515
0.548
N hRK i
4 ¢ »
Press F1 for help. it [ Page 1 i

Figure 14-7: Interpolating a vector of points. Note that since these are random
numbers, it's unlikely you'll be able to reproduce this example exactly as you
see here.

Multivariate cubic spline interpolation

Mathcad handles two dimensional cubic spline interpolation in much the same way as
the one-dimensional case discussed earlier. Instead of passing a curve through a set of
points in such a way that the first and second derivatives of the curve are continuous
across each point, Mathcad passes a surface through a grid of points. This surface
corresponds to a cubic polynomialxrandy in which the first and second partial
derivatives are continuous in the corresponding direction across each grid point.

The first step in two-dimensional spline interpolation is exactly the same as that in the
one-dimensional case: specify the points through which the surface is to pass. The
procedure, however, is more complicated because you now have to specify a grid of
points:

m Create thevx2 matrikixy whose elementdvixy, , aridxy; ; , specify the
andy coordinates along thaiagonalof a rectangular grid. This matrix plays the
exactly the same role &g in the one-dimensional case described earlier. Since
these points describe a diagonal, the elements in each coluvixydfe in
ascending ordem(xy; | < MXY, whenevekj ).

m Create then x n  matrikz whoseijth element is the coordinate corresponding

to the poimx. = M)_(yi’0 ang = M)g/j’1 .This plays exactly the same rolgyas
in the one-dimensional case described earlier.
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m  Generate the vectars:= csplingdMxy,Mz) . The vectwris a vector of inter-
mediate results designed to be used witarp.

m To evaluate the cubic spline at an arbitrary point,(sé@yy0) , evaluate

) O x0| 0
interplvs, Mxy, Mz, O
O yO|[O

wherevs, Mxy andMz are the arrays described earlier. The result is the value of
the interpolating surface corresponding to the arbitrary gaidity0)

Note that you could have accomplished exactly the same task by evaluating:

. 0 . x0 0
interpfcsplingMxy,Mz), Mxy,Mz, 0
O y0|O

As a practical matter though, you'll probably be evaluatiteyp for many different

points. Since the call tcsplinecan be time-consuming, and since the result won't
change from one point to the next, it makes sense to call it once and just keep re-using
the result as described above.

In addition tocspline Mathcad comes with two other cubic spline functions. The three
spline functions are:

csplineMxy, Mz) These all return a vector of intermediate results which we'll

psplineMxy, Mz) call vs. This vectorys, is used in thénterp function

IsplineMxy, Mz) described belowMxy is annx 2 matrix whose elements
Mxy, o andMxy; ; specify points on the diagonal of an
nx n grid. Theijth element of thexx n  matridz spec-
ifies the value of the interpolating surface at

(Mxy; o, Mxyjyl).

These three functions differ only in the boundary conditions:
m  Thelsplinefunction generates a spline curve that approaches a plane along the
edges.

m  Thepsplinefunction generates a spline curve that approaches a second degree
polynomial inx andy along the edges.

m Thecsplinefunction generates a spline curve that approaches a third degree
polynomial inx andy along the edges.
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interpvs, Mxy, Mz, v)  Returns the interpolaterivalue corresponding to the point
X = Vg andy = v; . The vectorscomes from evaluating
Ispline, pspline orcsplineusing the data matricéxy and
Mz.

For best results, do not use theerp function on values of andy far from the grid
points. Splines are intended for interpolation, not extrapolation. Consequently, com-
puted values for suchandy values are unlikely to be useful.

Linear prediction

The functions described so far in this section allow you to find data points lying between
existing data points. However, you may need to find data points that lie beyond your
existing ones. Mathcad provides the functwadictwhich uses some of your existing

data to predict data points lying beyond the existing ones. This function uses a linear
prediction algorithm which is useful when your data is smooth and oscillatory, though
not necessarily periodic. Linear prediction can be seen as a kind of extrapolation method
but should not be confused with linear or polynomial extrapolation.

predictf/, m, n) Returnsn predicted values based onconsecutive values
from the data vector. Elements irv should represent
samples taken at equal intervals.

Thepredictfunction uses the last of the original data values to compute prediction
coefficients. Once it has these coefficients, it uses thenasints to predict the
coordinates of thém + 1)st  point, in effect creating a moving windopoints wide.
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Figure 14-8: Using the predict function to find future data values.

Regression functions

Mathcad includes a number of functions for performing regression. Typically, these
functions generate a curve or surface of a specified type which in some sense minimizes
the error between itself and the data you supply. The functions differ primarily in the
type of curve or surface they use to fit the data.

Unlike the interpolation functions discussed in the previous section, these functions do
not require that the fitted curve or surface pass through the data points you supply. The
regression functions in this section are therefore far less sensitive to spurious data than
the interpolation functions.

Unlike the smoothing functions in the next section, the end result of a regression is an
actual function, one that can be evaluated at points in between the points you supply.

Whenever you use arrays in any of the functions described in this section, be sure that
every element in the array contains a data value. Since every element in a array must
have a value, Mathcad assigns 0 to any elements you have not explicitly assigned.
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Linear regression

These functions return the slope and intercept of the line that best fits your data in a
least-squares sense. If you place youalues in the vectorx and your sampleg
values invy, that line is given by:

y = slopgvx, vy) X +intercep{vx, vy)

Figure 14-9 shows how you can use these functions to fit a line through a set of data

points.

slopegx, vy) Returns a scalar: the slope of the least-squares regression
line for the data points imx andvy.

interceptyx, vy) Returns a scalar: theintercept of the least-squares regres-

sion line for the data points inx andvy.

These functions are useful not only when your data is inherently linear but when it is
exponential as well. More specifically, if yowiandy are related by:

y = AgX

You can apply these functions to the log of your data values and make use of the fact
that:

log(y) = log(A) + kx
In which case:
A = exp(interceptvx, vy)) and k = slopgvx, vy)

The resulting fit weighs the errors differently from a least-squares exponential fit but
is usually a good approximation.

306 Chapter 14 Statistical Functions



g Mathcad I[=] B3

fra File Edit “iew |nsert Format Math Symbolics Window Help _|ﬁ||1|
i:=0.40 j
X; = READ(T1] <— Read in the x data.
¥Yi = READ[Tf2] <— Read in the y data.
a = slope(x. y) a = 0643 <— Evaluate the slope

and intercept.

b = intercept{x.¥) b = 43.693

400 T

e o

Prezz F1 for help. W ait Page 1 i

Figure 14-9: Using slope and intercept for linear regression.

Polynomial regression

These functions are useful when you have set of meagweddes corresponding 0
values and you want to fit a polynomial through thpsalues.

Useregresswhen you want to use a single polynomial to fit all your data values. The
regressfunction lets you fit a polynomial of any order. However as a practical matter,
you would rarely need to go beyond= 4

Sinceregresstries to accommodate all your data points using a single polynomial, it
will not work well when your data does not behave like a single polynomial. For
example, suppose you expect ygur  to be linear fxpm x;Jo and to behave like a
cubic equation fronx,; t@,, .Ifyou usegresswith n = 3 (a cubic), you may get

a good fit for the second half but a terrible fit for the first half.

Theloessfunction, available in Mathcad Professional, alleviates these kinds of prob-
lems by performing a more localized regression. Instead of generating a single poly-
nomial the wayegressdoesjoessgenerates a different second order polynomial
depending on where you are on the curve. It does this by examining the data in a small
neighborhood of the point you're interested in. The arguspamcontrols the size of

this neighborhood. Aspangets largerloessbecomes equivalent tegresswith

n = 2. A good default value ispan= 0.75

Figure 14-10 shows hogpanaffects the fit generated by theessfunction. Note how

a smaller value acdpanmakes the fitted curve track fluctuations in data more effective-
ly. A larger value o§pantends to smear out fluctuations in data and therefore generates
a smoother fit.
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regress¢x, vy, n) Avector required by thieterpfunction to find theath order

polynomial that best fits data vectars andvy. vx is anm
element vector containingcoordinatesvy is anmelement
vector containing thg coordinates corresponding to time
points specified iwx.

Pro loessyx, vy, span A vector required by thimterp function to find the set of
second order polynomials that best fit particular neighbor-
hoods of data points specified in vectexsandvy. vx is an
m element vector containingcoordinatesvy is anm
element vector containing tlyeoordinates corresponding
to them points specified ivx. The argumengpan
span> 0, specifies how large a neighborhdodsswill
consider in performing this local regression.

interpvs, vx, vy, X Returns the interpolatgdsalue corresponding to tixeThe
vectorvs comes from evaluatingessor regressusing the
data matricesx andvy.
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Figure 14-10: Effect of different spans on the loess function. Note that since
these are random numbers, it's unlikely you'll be able to reproduce this
example exactly as you see here.
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Multivariate polynomial regression

Pro

Theloessandregressfunctions discussed in the previous section are also useful when
you have set of measuredalues corresponding toandy values and you want to fit
a polynomial surface through thosgalues.

The properties of these functions are described in the previous section. When using
these functions to fit values corresponding to two independent variabbasdy, the
meanings of the arguments must be generalized. Specifically:

m  The argumentx which was amm-element vector of values becomes an-row
and 2 column arrayVixy. Each row oMxy contains arx in the first column and
a corresponding value in the second column.

m The argumenx for theinterp function becomes a 2-element vectoxhose
elements are theandy values at which you want to evaluate the polynomial surface
representing the best fit to the data pointslixy andvz.

regressi{ixy, vz, k) Avector required by thieterpfunction to find theath order
polynomial that best fits data arrayixy andvz. Mxy is an
m x 2 matrix containing-y coordinatesvz is anmelement
vector containing the coordinates corresponding to tine
points specified iMxy .

loessMxy, vz, span A vector required by thmterp function to find the set of
second order polynomials that best fit particular neighbor-
hoods of data points specified in arrdygy andvz. Mxy
isanmx 2 matrix containing-y coordinatesvz is anm
element vector containing tlzeoordinates corresponding
to them points specified itMxy. The argumenspan
span> 0, specifies how large a neighborhdodsswill
consider in performing this local regression.)

interpfvs, Mxy, vz, v) Returns the interpolatemvalue corresponding to the point
X = vy andy = v, . The vectorscomes from evaluating
loessor regressusing the data matricédxy andvz.

You can add independent variables by simply adding columns Mxtherray. You
would then add a corresponding number of rows to the vedtwt you pass to the
interp function. Theregressfunction can have as many independent variables as you
want. Howevertegresswill calculate more slowly and require more memory when the
number of independent variables and the degree are greater than fdaesshaction

is restricted to at most four independent variables.

Keep in mind that foregress the number of data values,must satisfy
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m+k—1gdj+k
m>0 k 0n

wherenis the number of independent variables (hence the number of coluirg)in

k is the degree of the desired polynomial, anid the number of data values (hence
the number of rows inz). For example, if you have five explanatory variables and a
fourth degree polynomial, you will need more than 126 observations.

Generalized regression

Unfortunately, not all data sets can be modeled by lines or polynomials. There are times
when you need to model your data with a linear combination of arbitrary functions,
none of which represent terms of a polynomial. For example, in a Fourier series you
try to approximate data using a linear combination of complex exponentials. Or you
may believe your data can be modeled by a weighted combination of Legendre
polynomials, but you just don't know what weights to assign.

Thelinfit function is designed to solve these kinds of problems. If you believe your
data could be modeled by a linear combination of arbitrary functions:

y = agy(x) +a; 0 (x) +... +a, (%)

you should usénfit to evaluate the, . Figure 14-11 shows an example in which a
linear combination of three functions:x2 , and(x + 1)~ is used to model some data.

There are times however when the flexibilitfiofit is still not enough. Your data may
have to be modeled not by a linear combination of data but by some function whose
parameters must be chosen. For example, if your data can be modeled by the sum:

f(x) = a; [8in(2x) + a, [(tanh(3x)

and all you need to do is solve for the unknown weights and , then you have a
linfit type of problem.

By contrast, if instead your data is to be modeled by the sum:
f(x) = 2Osin(a;x) + 3 Ctanh(a,x)

and you now have to solve for the unknown parametgrs aand , you would have a
genfitproblem.

Anything you can do withinfit you can also do, albeit less conveniently, wgiémfit

The difference between these two functions is the difference between solving a system
of linear equations and solving a system of nonlinear equations. The former is easily
done using the methods of linear algebra. The latter is far more difficult and generally
must be solved by iteration. This explains vg@nfitneeds a vector of guess values as

an argument anlinfit does not.

Figure 14-12 shows an example in whggnfitis used to find the exponent that best
fits a set of data.
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linfit( vx, vy, F)

genfit(vx, vy, vg, F)

Returns a vector containing the coefficients used to create
a linear combination of the functionskwhich best
approximates the data in vectersandvy. F is a function
which returns a vector consisting of the functions to be
linearly combined.

A vector containing the parameters that make a funétion
of x andn parametersi, u,, ..., u, best approximate the
data invx andvy. F is a function that returns an+ 1
element vector containirfgand its partial derivatives with
respect to its parameterseg is ann-element vector of
guess values for theparameters.
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Figure 14-11: Using linfit to find coefficients for a linear combination of
functions that best fits the data.
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Figure 14-12: Using genfit for finding the parameters of a function so that it
best fits the data.

Smoothing functions

Smoothing involves taking a setyfand possibly) values and returning a new set of

y values that is smoother than the original set. Unlike the regression and interpolation
functions discussed earlier, smoothing results in a new getalfies, not a function

that can be evaluated between the data points you specify. Thus, if you are interested
iny valuesetweerthey values you specify, you should use aregression or interpolation
function.

Whenever you use vectors in any of the functions described in this section, be sure that
every element in the vector contains a data value. Since every element in a vector must
have a value, Mathcad assigns 0 to any elements you have not explicitly assigned.

Themedsmootftiunction is the most robust of the three since it is least likely to be
affected by spurious data points. This function uses a running median smoother,
computes the residuals, smooths the residuals the same way, and adds these two
smoothed vectors together. The details are as follows:

m Evaluation of medsmoothy, n) begins with the running median of the input vector
vy. We'll call thisvy' . Théth element is given by:
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vy = mediar(vyi_(n_l/z), s VY, ...,vyi+(n_1/2))

m |t then evaluates the residuals: = vy —vy'

m The residual vectogr, is smoothed using the same procedure described in step 1.
This creates a smoothed residual vectof,

m  Themedsmoothiunction returns the sum of these two smoothed vectors:
medsmootlvy, n) = vy’ +vr'.

Note thatmedsmoothwill leave the first and lagtn—1)/2  points unchanged. In
practice, the length of the smoothing windowshould be small compared to the length
of the data set.

TheksmootHunction in Mathcad Professional uses a Gaussian kernel to compute local
weighted averages of the input veotgr This smoother is most useful when your data
lies along a band of relatively constant width. If your data lies scattered along a band
whose width fluctuates considerably, you should use an adaptive smoother like
supsmoothalso available in Mathcad Professional.

For eachvy, intha-elementvectovy, theksmoottfunction returns a newy’;  given
by:

where:

_ 1
J2110.37)
andb is a bandwidth which you supply to themoothfunction. The bandwidth is

usually set to a few times the spacing between data points gratiedepending on
how big a window you want to use when smoothing.

t2
0.37920

K(t) Dexp% X

Thesupsmootifunction uses a symmetiaearest neighbor linear least-squares fitting
procedure to make a series of line segments through your data. kkmkethwhich
uses a fixed bandwidth for all your dasapsmootiwill adaptively choose different
bandwidths for different portions of your data.
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medsmoothfy, n) Returns am-element vector created by smoothirygwith
running medianszy is anm-element vector of real numbers.
nis the width of the window over which smoothing occurs.
n must be an odd number less than the number of elements

invy.

Pro ksmoothyx,vy, b) Returns am-element vector created by using a Gaussian
kernel to return weighted averages/gf vy andvx aren-
element vectors of real numbers. The bandwlidtbntrols
the smoothing window and should be set to a few times the
spacing between yourdata points.

Pro supsmooth{x,vy) Returns am-element vector created by the piecewise use
of a symmetri-nearest neighbor linear least-squares fit-
ting procedure in whick is adaptively chosewy andvx
aren-element vectors of real numbers. The elements of
must be in increasing order.
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Figure 14-13: Smoothing noisy data with supsmooth.

314 Chapter 14 Statistical Functions



	Statistical Functions
	Population and sample statistics
	Probability distributions
	Probability densities
	Cumulative probability distributions
	Inverse cumulative probability distributions

	Histogram function
	Random numbers
	Interpolation and prediction functions
	Linear interpolation
	Cubic spline interpolation
	Interpolating a vector of points
	Multivariate cubic spline interpolation
	Linear prediction

	Regression functions
	Linear regression
	Polynomial regression
	Multivariate polynomial regression
	Generalized regression

	Smoothing functions


