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Chapter 17

Symbolic Calculation

This chapter describes symbolic processing in Mathcad. The chapter
includes the following sections:
What is symbolic math?

An overview of Mathcad's symbolic math features.
Live symbolic evaluation

Using the symbolic equal sign tegform live symbolic transfornmns.
Using the Symbolics menu

Using menu commands to perform symbolic transformations.
Symbolic algebra

Manipulating expressions algebraically.
Symbolic calculus

Evaluating indefinite integrals, derivatives, and limits symbolically.
Solving equations symbolically

Algebraic solution of equations or systems of equations.
Symbolic matrix manipulation

Finding the symbolic transpose, inverse, and determinant of a matrix.
Symbolic transforms

Fourier, Laplace angitransforms.
Symbolic optimization

Symbolically simplifying complex expressions before numerically evaluating
them.

Using functions and variables

Differences between the sywlic and numerical processors and how they
work with variables and functions.

Limits to symbolic processing
Difficulties you may encounter in symbolic processing.
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What is symbolic math?

Elsewhere in this¥Jser's Guide you've seen Mathcad engagingimmericalmathe-

matics. This means that whenever you evaluate an expression, Mathcad returns one or
morenumbersas shown at the top of Figure 17-1. Although these numbers are quite
useful, they may provide little insight into the underlying relationship between the
components in an expression.

When Mathcad engagessymbolicmathematics, however, the result of evaluating an
expression is generally another expression, as shown in the bottom of Figure 17-1. The
form of this second expression is to a great extent under your control. You can factor
the original expression, integrate it, expand it into a series, and so on. The way you
control the form of that second expression is the subject of this chapter.
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A numerical calculation gives nothing but numbers:

3
3 k 3-k
F(X) = ZO 7#(!-(3 B k)!-)( -2
F(2) - 64
F(-5) = -27

But a symbolic transformation can yield insight into the underlying expression:

FOx) = 8+ 12X + 6% + x°

-
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Figure 17-1: A numerical and symbolic evaluation of the same expression.

There are three ways to perform a symbolic transformation on an expression.

m You can use the symbolic equal sign as described in the section “Live symbolic
evaluation” on page 359. This method feels very much as if you're engaging in
numerical math.

m If you need more control over the symbolic transformation, you can use symbolic
keywords with the symbolic equal sign, or you can use commands from the
Symbolicsmenu.
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m You can make the numerical and symbolic processors work together; the latter
simplifying an expression behind the scenes so that the former can work with it
more efficiently. This is discussed in the section “Symbolic optimization” on page
394.

Symbolic processing also raises some subtle issues concerning the use of functions an
variables. These are described in the section “Using functions and variables” on page
396.

Finally, there are some fundamental limits inherent in computer based symbolic
processing generally. These arise because nobody really knows how the human brain
does symbolic processing. As a result, nobody really knows how to teach a computer
to do it. These limits are discussed in the section “Limits to symbolic processing” on
page 401.

Live symbolic evaluation

The symbolic equal sign provides a way to extend Mathcad's live document interface
beyond the numerical evaluation of expressions. You can think of it as being analogous
to the equal sign “=". Unlike the equal sign, which always gives a number on the right
hand side, the symbolic equal sign is capable of giving expressions. You can use it to
symbolically evaluate expressions, variables, functions, or programs.

To use the symbolic equal sign:

m  Make sure théutomatic Calculation command on thi#ath menu has a check-
mark beside it. If it doesn't, choose it from the menu.

m  Make sure théutomatic Calculation command on thi&ath menu has a check-
mark beside it.

m Enter the expression you want to evalud 0 )
—\x - 2yx

= PresqCtrl ]. (the control key followed [ ——
by a period). Mathcad displays an arro d—(" -2yx) >

X

- .

m Click outside the expression. Mathcad d[ (
plays a simplified version of the origina| gx
expression. If an expression cannot be
simplified further, Mathcad simply repeats it to the right of the arrow.

x3 - 2-y-x) - 3-x2 -2y

The symbolic equal sign is a live operator just like any Mathcad operator. When you
make a change anywhere above or to the left of it, Mathcad updates the result. The
symbolic equal sign “knows” about previously defined functions and variables and uses
them wherever appropriate. You can force the symbolic equal sign to ignore prior
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definitions of functions and variables by defining them recursively just before you
evaluate them as shown in Figure 17-5.

Figure 17-2 shows some examples of how to use the Note that the *.” only
applies to an entire expression. You cannot, for example, use the fransform only
part of an expression.
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x2dx - —b* - —a°
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The symbolic equal sign uses previous definitions:
X =8
¥+2X ¥+ 16

If the expression cannot be simplified further, the symbolic equal sign does
nothing.

Y*—y

This is analogous to the equal sign you use for numerical
evaluation:

2=2

When decimals are used, the symbolic equal sign returns decimal approximations:

h7 = ir 170 = a1231056256176605498 _
] ¢ _l_I

3
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Figure 17-2: Using the symbolic equal sign.

Figure 17-2 also illustrates the fact that the symbolic processor treats numbers contain-
ing a decimal point differently from numbers without a decimal point. The general rule
is as follows:

m  When you send numbers with decimal points to the symbolic processor, any
numerical results you get back will be decimal approximations to the exact answer.

m  When you send numbers without decimal points to the symbolic processor, any
numerical results you get back will be expressed without decimal points whenever
possible.

In Figure 17-2, note how17 comes back unchanged since there is no rational square
root of 17. But,/17.0 comes back as a decimal approximation to the irrational number
J17.

When a symbolic operation gives an approximate decimal answer, this answer is always
displayed with 20 significant digits. Although this display is not affected by Mathcad's
local or global numerical formats, you can useftbat keyword described in the next
section to control the number of significant digits displayed.
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Customizing the symbolic equal sign using keywords

The “- " takes the left-hand side and places a simplified version of it on the right-hand
side. By default, it simplifies the left-hand side just as if you had chibgelu-

ate(] Symbolically from theSymbolicsmenu (see “Using the Symbolics menu” on
page 366).

Of course, exactly what “simplify” means is a matter of opinion. As a result, you can,
to a limited extent, control how the," transforms the expression by using one of the
following keywords. To do so:

m Enter the expression you want to evalud

m PresqCtrl ][Shift ]. (hold down the
control and shift keys and type a period Gepde >
Mathcad displays a placeholder to the lér
of the arrow, =",

m  Click on the placeholder to the left of th
arrow and type any of the keywords fro
the following table. If the keyword re-
quires any additional arguments, separate the arguments from the keyword with
commas.

(x + y)s expand — ‘

m PressEnter ]to see the result.
(x + y)s expand — x3 + 3-x2-y + 3-x-y2 + ys

Another way to use a keyword is to enter the expression you want to evaluate and click
on a keyword button from the Symbolic Keywords palette. This will insert the keyword,
placeholders for any additional arguments, and the arrow, You just need to press
[Enter ] to see the result.

Keyword Function

complex Tells Mathcad to carry out symbolic evaluation in the com-
plex domain. Result will usually be in the forant i [

float, m Tells Mathcad to display a floating point value witiplaces
of precision whenever possible. If the argummaran integer,
is omitted, the precision is 20.

simplify Simplifies an expression, performing arithmetic, canceling
common factors, and using basic trigonometric and inverse
function identities.

expand, expr Expands all powers and products of sums in an expression
except for the subexpressierpr. The argumengxpris
optional. The entire expression is expanded if the argument
expris omitted.

factor, expr Factors an expression into a product, if the entire expression
can be written as a product. Factors with respeekpg a
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single radical or a list of radicals separated by commas. The
argumenexpris optional.

solve, var Solves an equation for the variabke or solves a system of
equations for the variables in a vectar.

collect, varl,var2,... Collects like terms with respect to the variables or subexpres-
sionsvarl throughvarn.

coeffs, var Finds coefficients of an expression when it is rewritten as a
polynomial in the variable or subexpressian.

substitute, varl =var2  Replaces all occurrences of a variaddel with an expres-
sion or variablevar2. PressCtrl ] = for the equal sign.

series, var=z,m Expands an expression in one or more variakfasaround
the pointz. The order of expansionis. Argumentsz andm
are optional. By default, the expansion is taken around zero
and is a polynomial of order six.

convert,parfrac var Converts an expression to a partial fraction expansion in the
variablevar.

fourier,  var Evaluates the Fourier transform of an expression with respect
to the variablevar.

invfourier, var Evaluates the inverse Fourier transform of an expression with
respect to the variablear.

laplace, var Evaluates the Laplace transform of an expression with respect
to the variablevar.

invlaplace, var Evaluates the inverse Laplace transform of an expression
with respect to the variabler.

ztrans, var Evaluates the-transform of an expression with respect to the
variablevar.

invztrans, var Evaluates the inversetransform of an expression with re-

spect to the variablear.

assume ,constraint Tells Mathcad to impose constraints on one or more variables
according to the expressiaonstraint

Note that many of the keywords take at least one additional argument, typically the
name of a variable with respect to which you are performing the symbolic operation.
Some of the arguments listed with the keywords are optional.

For more information on each of these keywords, see the sections entitled “Symbolic
algebra” on page 368, “Symbolic calculus” on page 380, and “Symbolic transforms”
on page 390.

Figure 17-3 shows some sample uses of keywords. Note that keywords are case
sensitive and must therefore be typed exactly as shown. They are not, however, font
sensitive.
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By itself, the symbolic equal sign simply 1 the expression to the left of it and
places it on the right:

e ® =8k p?
dx

But when preceded by an appropriate keyword, the symbolic equal can change its

meaning:
(x +y)? expand - x° + 3x%y + 3XY 4+ ¥°
The key d "float” makes the result display as a floating point
1
x-acos(0) — P x-acos(0) float,4 — 1571 x

The keyword “laplace” returns the Laplace transform of a function:

exp(-a-t) laplace.t —

s+a)
KIS _>l_I
Prezz F1 for help. W ait Page 1 i

Figure 17-3: Using keywords with a symbolic evaluation sign.

In some cases, you may want to perform two or more types of symbolic evaluation
consecutively on an expression. Mathcad allows you to apply several symbolic key-
words to a single expression. There are two ways of applying multiple keywords. The
method you choose depends on whether you want to see the results from each keyworc

or only the final result.

To apply several keywords and see the results from each:

m Enter the expression you want to evalud

o*|

m PresqCtrl ][Shift ]. (hold down the
control and shift keys and type a period ﬂ -

Mathcad displays a placeholder to the lér

of the arrow, - ".

m Enter the first keyword into the placehol
er to the left of the arrow, including any||e* series, x,3 -

comma-delimited arguments the keywola
takes.

m PressEnter ]to see the result from the

first keyword. e® series, X,3 — 1+ X + %.xz

m Click onthe resultand pregstrl ]

. . . 1
[Shift ]. again. Enter a second e” series,x,3 > 14x+ ;"‘2 float —

keyword into the placeholder.

Live symbolic evaluation
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= PressEnter Jtoseethe [ 1
resultfrom the second key & series, x.3 = 1 4 x + E-xz float — 1.+ % + 5 %°
word.

Continue applying keywords to the intermediate results in this manner.

To apply several keywords and see only the final result:

m Enter the expression you want to evalug j
€

m PresqCtrl ][Shift ]. sothatMathcad .
displays a placeholder to the left of the ﬂ P
arrow, “-”.

m Enter the first keyword into the placehol
er, including any comma-delimited argy |e* series, x, 3| -
ments it takes.

m Instead of pressingehter ]to see the

result, presgCtrl ][Shift ]. againand serles, x.3

enter a second keyword into the place- float

holder. The second keyword is placed im-

mediately below the first keyword.
Continue adding keywords by pressing ]
[Ctrl ][Shift ]. after each one. Press serles, x.3 | 1 +%4+ 5%
[Enter ]to see the final result. float

These two methods of applying multiple keywords to an expression are demonstrated
in Figure 17-4.
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Apply several keywords by pressing [Ctrl] + [Shift] +[Period] and see the final result:

ztrans, k 2
.z z

a4 at
expan (217 (z-17

Apply keywords to the result of another to see intermediate results as well as the final
result:

2
z+1) expand — z z

(-1 -1 (-1

K ztrans , k — z-

o o
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Figure 17-4: Using multiple keywords.

Ignoring previous definitions

When you use the symbolic equal sign to evaluate an expression, Mathcad checks all
the variables and functions making up that expression to see if they've been defined
earlier in the worksheet. If Mathcad does find a definition, it uses it. Any other variables
and functions are evaluated symbolically.

There are two exceptions to this. In evaluating an expression made up of previously
defined variables and functions, Mathégdoresprior definitions:

m when the variable has been defined recursively, or
m when the variable has been defined as a range variable.

These are illustrated in Figure 17-5.
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X =3 j

<—— Mathcad substitutes the value of 3 for
"x" before luating this expr

(X +1)-(z-1) expand — 4.z - 4

X =X <— recursive definition.

<— Although "x" is defined to be 3, Mathcad
ignores that definition for symbolic
evaluation because of the recursive
definition.

(X +1)-(x - 1) expand —x° -1

m:=1..10

m —= m «—— Since "m" is defined as a range variable, Mathcad ignores this
definition.

o o
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Figure 17-5: Defining a variable in terms of itself makes the symbolic
processor ignore any previous definitions.

Using the Symbolics menu

One advantage to using the symbolic equal sign discussed in the last section is that it
is “live,” just like the numerical processing in Mathcad. That is, Mathcad checks all
the variables and functions making up the expression being evaluated to see if they've
been defined earlier in the worksheet. If Mathcad does find a definition, it uses it. Any
other variables and functions are evaluated symbolically. Later on, whenever you make
a change to the worksheet, the results automatically update. This is useful when the
symbolic and numerical equations in the worksheet are tied together.

There may be times, however, when a symbolic calculation is quite separate from the
rest of your worksheet and does not need to be tied to any previous definitions. In these
cases, you can use commands fronBymbolicsmenu. These commands are not live:

you apply them on a case by case basis to selected expressions, they do not “know”
about previous definitions, and they do not automatically update.

The basic steps for using tBgmbolicsmenu are the same for all the menu commands:

m Place whatever math expression you want to evaluate between the two editing lines
or, for some commands, click on a variable in the expression.

m  Choose the appropriate command from$lyenbolicsmenu.
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m  Mathcad will place the evaluated expression into your document.

For example, to evaluate an expression symbolically usirgytmdolicsmenu, follow
these steps:

m Enter the expression you want to evalud

(- 2yx)

= Surround the expression with the editin ;5
li —(x - 2-y-x)
ines. dx

L
dx

m  ChooseEvaluated Symbolically from
the Symbolicsmenu.

m  Mathcad will place the evaluated expre|
sion into your worksheet. The location ¢
the resultin relation to the original expres=
sion depends on the Evaluation Style you've selected, as described below.

3-x2—2-y

The sections “Symbolic algebra” on page 368, “Symbolic calculus” on page 380, and
“Solving equations symbolically” on page 385 describe the vagusbolicsmenu
commands in detail.

Displaying symbolic results

If you're using the symbolic equal sign.~, the result of a symbolic transformation
will always go to the right of the5”. However, when you use tf8ymbolicsmenu,
you can tell Mathcad to place the symbolic results in one of the following ways:

m  The symbolic result can go below the original expression.
m  The symbolic result can go to the right of the original expression.
m  The symbolic result can simply replace the original expression.

In addition, you can also choose whether or not you want Mathcad to generate text
describing what had to be done to get from the original expression to the symbolic
result. This text will go between the original expression and the symbolic result, in
effect creating a narrative for the symbolic evaluation. These text regions are referred
to as “evaluation comments.”

To control both the placement of the symbolic result and the presence of narrative text,
chooseEvaluation Stylefrom theSymbolicsmenu to bring up the “Evaluation Style”
dialog box. The check box at the top of the dialog box shows whether Mathcad will
automatically generate evaluation comments at each step of the evaluation. Click in
this box to toggle these comments on or off.

The three option buttons control where symbolic results are placed. These options do
the following:

m  “Show evaluation steps vertically, inserting lines” is useful when you expect
lengthy intermediate results and you want to reserve an entire line for them.
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m  “Show evaluation steps vertically, without inserting lines” is useful when you want
to show two parallel derivations side by side. In this mode, you can position
expressions arbitrarily. New answers may, however, overwrite old ones.

m  “Show evaluation steps horizontally” is useful if you want to place the symbolic
result to the right of the expression being transformed.

Sometimes you don’t care about saving the steps of a derivation. You may just want to
transform an expression in place, for example to make a substitution, or to factor the
numerator of a fraction. In this case, chobsaluation Style from theSymbolics

menu and click in the check box for “Evaluate in Place.” This tells Mathcad to replace

the old expression with the new one. In this mode, evaluation comments are inappro-
priate and therefore omitted altogether.

See Figure 17-6 for some examples.
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x+2)x-1)
2
X"+ X -2

Vertically, without inserting lines, with comments...

x+2)x-1) X -7)(x+3)

expands to expands to

aex-2 o ax- 2
Horizontally, with 1

X+ 2)(X-1 expands to )(2+)(—2
(x+2)x-1) p

When you put a check in the box for "Evaluate in Place,” the expanded result repiaces
the product...

x2ix-2 =

4 I E 3
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Figure 17-6: Placement of symbolic results and comments.

I
Symbolic algebra

Mathcad allows you to manipulate an expression algebraically using either keywords
and the symbolic equal sign, or menu commands frorsyhebolicsmenu. Most of

the examples in this section demonstrate “live” symbolic operations using symbolic
keywords, but you may apply commands from$yenbolicsmenu to expressions on

a case by case basis if you prefer. Keep in mind that, unlike the keyword-modified
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expressions, expressions modified by commands frorS8yh#olicsmenu do not
update automatically, as described in the section “Using the Symbolics menu” on page
366.

Complex evaluation

When evaluating expressions containing complex numbers, you may want to use the
keywordcomplex

m Enter the expression you want to evaluate.

m PresqCtrl ][Shift ]. (hold down the control and shift keys and type a period).

Mathcad displays a placeholder to the left of the arrow..
m  Typecomplex into the placeholder.
m PressEnter ]to see the result.

Mathcad will assume all the terms in the expression are written in theaferin(i
The results will also be in this form. Figure 17-7 shows an example.

Another way to evaluate an expression in the complex domain is to enclose the
expression between the editing lines and chéysduatel] Complex from theSym-
bolics menu.

Floating point evaluation

Ordinarily, the symbolic processor returns results by rearranging variables. Thus, when
Mathcad evaluates an expression involvingr e, it will usually return another
expression involvingtor expk). To force Mathcad to return a number instead, use the
keywordfloat:

m Enter the expression you want to evaluate.

m PresqCtrl ][Shift ]. (hold down the control and shift keys and type a period).

Mathcad displays a placeholder to the left of the arrow..
m Typefloat into the placeholder.
m PressEnter ]to see the result.

Mathcad by default returns a result with up to 20 digits to the right of the decimal point.
To specify a different number of digits for the result, follow the keyviloat with a
comma and an integer between 0 and 250. Figure 17-7 shows an example.

Another way to perform floating point evaluation on an expression is to enclose the
expression between the editing lines and chéasduatel] Floating Point from the
Symbolicsmenu. This brings up a dialog box in which you can specify the number of
digits to the right of the decimal point.

Constrained evaluation

When evaluating some expressions, you may want to force Mathcad to make certain
assumptions about the variables involved. For example, you might want Mathcad to
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assume x is real when evaluating the square root of x. To impose constraints on the
variables in an expression, use the keyvassume:

m Enter the expression you want to evaluate.

m PresqCtrl ][Shift ]. (hold down the control and shift keys and type a period).

Mathcad displays a placeholder to the left of the arrow..

m Inthe placeholder, typesssume followed by a comma and a constraining equation
such ax<10.

m PressEnter ]to see the result.

You can also use ttessumekeyword to tell Mathcad to consider a variable to be real
or falling in a certain range of real values. To do so, you can use the following
“modifiers™:

Modifiers for “assume”

var =real Evaluates the expression on the assumption that the vari-
ablevar is real.

var =RealRange( a, b) Evaluates on the assumption that all the indeterminates are
real and are betweenandb, wherea andb are real
numbers or infinity (Ctrl 12).

To use a modifier, separate it from tsumekeyword with a comma. For example,
to use “x=real” as a modifier with tteesssumekeyword on an expression:

m Enter the expression to simplify.

m PresqCtrl ][Shift ]. (hold down the control and shift keys and type a period).

Mathcad displays a placeholder to the left of the arrow..
m Enterassume,x=real into the placeholder (pres€frl ]= for the equal sign).
m PressEnter ]to see the result.

The last example in Figure 17-7 illustrates how an integral can be made to converge
by assuming a variable is positive and greater than 1. Note that in order to specify more
than one condition, you simply separate the conditions with a comma.
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Figure 17-7: Evaluating expressions symbolically.

Simplifying an expression

To force Mathcad to carry out basic algebraic and trigonometric simplification of a

selected expression, use the keywsirdplify :

m Enter the expression you want to evaluate.

m PresqCtrl ][Shift ]. (hold down the control and shift keys and type a period).

Mathcad displays a placeholder to the left of the arrow..

m Typesimplify into the placeholder.

m PressEnter ]to see the result.

When the symbolic processor simplifies an expression, it performs arithmetic, cancels
common factors, uses basic trigonometric and inverse function identities, and simplifies

square roots and powers.

To control the simplification performed by teenplify keyword, you can use the

following “modifiers”:

Modifiers for “simplify”

assume=real

assume=RealRange( a, b)

Simplifies on the assumption that all the indeterminates in
the expression are real.

Simplifies on the assumption that all the indeterminates
are real and are betwearandb, wherea andb are real
numbers or infinity (Ctrl ]Z).

Symbolic algebra
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trig Simplifies atrigonometric expression by applying only the
following identities:

sin(x)2+ cos(x)2 =1
cos}"(x)z—sinh(x)2 =1

It does not simplify the expression by simplifying logs,
powers, or radicals.

To use a modifier, separate it from gimplify keyword with a comma. For example,
to use the “trig” modifier with theimplify keyword on an expression:

m Enter the expression to simplify.

m PresqCtrl ][Shift ]. (hold down the control and shift keys and type a period).

Mathcad displays a placeholder to the left of the arrow’,.
m  Entersimplify,trig into the placeholder.
m PressEnter ]to see the result.

Figure 17-8 shows some examples usingstheplify keyword with and without
additional modifiers.

Note that you can also simplify an expression by placing it between the two editing
lines and choosingimplify from theSymbolicsmenu. This method is useful when

you want to simplify parts of an expression. Mathcad may sometimes be able to simplify
parts of an expression even when it cannot simplify the entire expression. If simplifying
the entire expression doesn't give the answer you want, try selecting subexpressions
and choosin@implify from theSymbolicsmenu. If Mathcad can't simplify an
expression any further, you'll just get the original expression back as the answer.
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Figure 17-8: Some results of simplifying. Modifiers such as “trig” give more
control over the simplification.

In general, when you simplify an expression, the simplified result will have the same
numerical behavior as the original expression. However, when the expression includes
functions with more than one branch, such as square root or the inverse trigonometric
functions, the symbolic answer may differ from a numerical answer. For example,
simplifying asin(sin(B)) yieldsd, but this equation holds true numerically in Mathcad
only when@ is a number betweetT/2 andrv2.

Expanding an expression
To expand all powers and products of sums in an expression, use the keypand
m Enter the expression you want to expand.
m PresqCtrl ][Shift ]. (hold down the control and shift keys and type a period).

Mathcad displays a placeholder to the left of the arrow..
m Typeexpand into the placeholder.
m PressEnter ]to see the result.

Mathcad expands all powers and products of sums in the selected expression. If the
expression is a fraction, the numerator will be expanded and the expression will be
written as a sum of fractions. Sines, cosines and tangents of sums of variables, or intege
multiples of variables will be expanded as far as possible into expressions involving
only sines and cosines of single variables. If you don’t want certain subexpressions to
be expanded, follow thexpand keyword with a comma and the expressions. See
Figure 17-10 for some examples.
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Another way to expand an expression is to enclose the expression between the editing
lines and choosExpand from theSymbolicsmenu.

Expanding an expression to a series

To expand an expression to a series, use the keysgoes
m Enter the expression you want to expand.

m PresqCtrl ][Shift ]. (hold down the control and shift keys and type a period).

Mathcad displays a placeholder to the left of the arrow..

m In the placeholder, typseries  followed by a comma and the variable or
expression for which you want to find a series expansion.

m PressEnter ]to see the result.

Mathcad will then generate a series of order 6. To specify a different order of expansion,
follow the variable of expansion with a comma and an appropriate integer. The order
is the order of the error term in the expansion. For example, if Mathcad expanjis sin(
to a series in x, it returns an expansion of the sine function in poweis wfhich the
highest power ix® . The error is th@gx8)

Mathcad will find Taylor series (series in nonnegative powers of the variable) for
functions that are analytic at 0, and Laurent series for functions that have a pole of finite
order at 0. To develop a series with a center other than 0, the argumerdaadke
keyword should be of the forrar=z, wherez is any real or complex number. For
exampleseries, x=1 expands around the poiatl. PressCtrl ] = for the equal

sign.

To expand a series around more than one variable, follow the series keyword with a
comma and the variables, separated from each other by commas. The last example in
Figure 17-9 shows an expression expanded arnamdly.

Figure 17-9 shows some examples of expanded expressions.

Another way to generate a series expansion is to enter the expression and click on a

variable for which you want to find a series expansion. Then chéassble J Ex-

pand to Seriesfrom theSymbolicsmenu. A dialog box will prompt you for the order

of the series. This command is limited to a series in a single variable; any other variables
in the expression will be treated as constants. The results also contain the error term

using theO notation. Before you use the series for further calculations you will need

to delete this error term.

In using the approximations you get from the symbolic processor, keep in mind that
the Taylor series for a function may converge only in some small interval around the
center. Furthermore, functions likgn or exphave series with infinitely many terms,
while the polynomials returned by Mathcad have only a few terms (how many depends
on the order you select). Thus, when you approximate a function by the polynomial
returned by Mathcad, the approximation will be reasonably accurate close to the center,
but may be quite inaccurate for values far from the center.
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Figure 17-9: Generating a series.

Factoring an expression
To factor an expression, use the keywiactor:
m Enter the expression you want to factor.

m PresqCtrl ][Shift ]. (hold down the control and shift keys and type a period).

Mathcad displays a placeholder to the left of the arrow..
m In the placeholder, typctor
m PressEnter ]to see the result.

If this expression is a single integer, Mathcad will factor it into powers of primes.
Otherwise, Mathcad will attempt to convert the expression into a product of simpler
functions. The symbolic processor will combine a sum of fractions into a single fraction
and will often simplify a complex fraction with more than one fraction bar.

If you want to factor an expression over certain radicals, folloveitter keyword
with a comma and the radicals.

When you're simplifying by factoring, you may be able to simplify your expression
quite a bit by factoring subexpressions even if the expression taken as a whole can't be
factored. To do so, enclose a subexpression between the editing lines andreltmrse

from theSymbolicsmenu. You can also use this menu command to factor an entire
expression, but keep in mind that Bymbolicsmenu commands do not use any
previous definitions in your worksheet and do not automatically update.

See the examples in Figure 17-10 for examples of factoring expressions.
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Collecting like terms

To simplify an expression by collecting terms containing like powers of a variable:
m Enter the expression.

m PresqCtrl ][Shift ]. (hold down the control and shift keys and type a period).

Mathcad displays a placeholder and the arrow’.

m In the placeholder, typeollect  followed by a comma and the variable or
subexpression on which to collect.

m PressEnter ]to see the result.

The result is a polynomial in the variable or subexpression. The subexpression you
select must be a single variable or a built-in function together with its argument.

To collect on more than one variable, follow tie¢lect keyword with a comma and
the variables on which to collect, separated from each other by commas.

See Figure 17-10 for examples of simplifying expressions by collecting like terms. An
alternative method for collecting terms of an expression is to click on a variable in an
expression and choosmwllect from theSymbolicsmenu.
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Figure 17-10: Expanding to a polynomial, factoring, and collecting terms.

Partial fraction decomposition

To convertan expression to its partial fraction decomposition, use the keyororelt:
m Enter the expression.
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m PresqCtrl ][Shift ]. (hold down the control and shift keys and type a period).

Mathcad displays a placeholder to the left of the arrow..

m In the placeholder, typeonvert,parfrac followed by a comma and the
variable in the denominator of the expression on which to convert.

m PressEnter ]to see the result.

The symbolic processor will try to factor the denominator of the expression into linear
or quadratic factors having integer coefficients. If it succeeds, it will expand the
expression into a sum of fractions with these factors as denominators. All constants in
the selected expression must be integers or fractions; Mathcad will not expand an
expression that contains decimal points. See Figure 17-11 for some examples.

Another way to convert an expression to a partial fraction is enter the expression and
click on a variable in the denominator. Then chodagable Convert to Partial
Fraction from theSymbolicsmenu.
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Figure 17-11: Converting expressions to partial fractions and rewriting them
as polynomials.

Finding coefficients of a polynomial

Many expressions can be rewritten as polynomials, either in a particular variable or
with respect to a subexpression. To force the symbolic processor rewrite an expression
as a polynomial and return the coefficients:

m Enter the expression you want to rewrite.
m PresqCtrl ][Shift ]. (hold down the control and shift keys and type a period).

Mathcad displays a placeholder to the left of the arrow..
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m Inthe placeholder, typmeffs followed by a comma and the variable or function
in which you want your expression to be regarded as a polynomial.

m PressEnter ]to see the result.

Mathcad returns a vector containing the coefficients of the equivalent polynomial. The
first element of the vector is the constant term and the last element is the coefficient of
the highest order term in the expression. Figure 17-11 shows two examples.

Another way to rewrite an expression as a polynomial is to enclose it between the two
editing lines and chood®olynomial Coefficientsfrom theSymbolicsmenu.

Substituting an expression for a variable

To replace a variable in an expression with another variable or subexpression, use the
keywordsubstitute:

m Enter the expression.

m PresqCtrl ][Shift ]. (hold down the control and shift keys and type a period).

Mathcad displays a placeholder to the left of the arrow..

m In the placeholder, typgubstitute followed by a comma and an expression of
the formvarl=var2 wherevarl is a variable andar2is a variable or expression.
Press Ctrl ] = for the equal sign.

m PressEnter ]to see the result.

Mathcad will replacerarl with var2. If varl occurs more than once in the expression
you are transforming, Mathcad replaces each occurrence. Figure 17-12 shows some
examples.

Note that Mathcad will not substitute a variable for an entire vector or a matrix. You
can, however, substitute a scalar expression for a variable that occurs in a matrix. To
do so, select the expression that will replace the variable and dGopgdrom the

Edit menu. Click on an occurrence of the variable you want to replace and choose
Variabled Substitute from theSymbolicsmenu. You can also use this menu com-
mand to perform a substitution in any expression.
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Figure 17-12: Substituting an expression for a variable.

Evaluating a summation

To evaluate a sum symbolically, you can use Mathcad's summation operator and the
live symbolic equal sign:

m Create the summation operator by typj@grl ][Shift ]4.
m Enter the expression you want to sum in the placeholder to the right &"the “

m Enter the index variable and summation range in the placeholders above and below
the “2” as shown in Figure 17-13.

m PresqCtrl ]. (the control key followed by a period). Mathcad displays an arrow,

m PressEnter ]to see the result.

The procedure is the same for a product over a range, except that you type

[Ctrl ][Shift ]3 to getthe product operator. If you use numerical limits in a summa-
tion or product range, be sure that the upper limit of the range is greater than or equal
to the lower limit.

Another way to evaluate a summation is to enclose the summation expression between
the editing lines and choo&saluatel] Symbolically from theSymbolicsmenu.

Figure 17-13 illustrates various results of symbolic evaluation.
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Figure 17-13: Symbolic evaluation of sums, products, and functions.

Symbolic calculus

This section describes how to symbolically evaluate definite and indefinite integrals,
derivatives, and limits.

Derivatives

To evaluate a derivative symbolically, you can use Mathcad's derivative operator and
the live symbolic equal sign as shown in Figure 17-14:

m Type? to create the derivative operator or tygérl ]? to create the higher order
derivative operator.

m In the placeholders, enter the expression you want to differentiate and the variable
with respect to which you are differentiating.

m PresqCtrl ]. (the control key followed by a period). Mathcad displays an arrow,

- .

m PressEnter ]to see the result.
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Figure 17-14: Evaluating integrals and derivatives symbolically.

Figure 17-15 shows you how to differentiate an expression without using the derivative
operator. Th&ymbolicsmenu comman®ariable D Differentiate differentiates an
expression with respect to a selected variable. For example, to differénfiete y

with respect tox:

m Enter the expression.
m Click on thex.

m ChooséVariable Differentiate from theSymbolicsmenu. Mathcad will display
the derivative4 [X .

If you selected the variabjeinstead ok, you would get the answer 1. Mathcad treats
all variables except the one you've selected as constants.

If you've selected neithernory the menu command will be gray. Mathcad can't
differentiate the expression because you haven't specified a differentiation variable.

If the expression in which you've selected a variable is one element of an array, Mathcad
will differentiate only that array element. To differentiate an entire array, differentiate
each element individually by selecting a variable in that element and ch&asing

ablel] Differentiate from theSymbolicsmenu.

Indefinite integrals

Mathcad provides the symbolic indefinite integral operator shown in Figure 17-14. To
use this operator:

m Type[Ctrl ]I to insert the indefinite integral operator and its placeholders.
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m  Fill in the placeholder for the integrand.

m Place the integration variable in the placeholder next todtiértis can be any
variable name.

m PresqCtrl ]. (the control key followed by a period). Mathcad displays an arrow,

— .

Press Enter ]to see the result.

Figure 17-15 shows how to integrate an expression without using the indefinite integral
operator. Th&symbolicsmenu commanWariable Integrate integrates an expres-

sion with respect to a selected variable. For example, to intedjtatet y with respect
tox:

m Select the.

m ChooséVariabled Integrate from theSymbolicsmenu. Mathcad will display the
integral.

TheVariable Integrate command integrates an expression with respect to a selected
variable. If you don't have a variable selected, this command will be gray. Mathcad
cannot integrate without knowing the variable of integration.

If the symbolic processor can't find a closed-form indefinite integral, you'll see an
appropriate error message. Keep in mind that many simple expressions don't have a
closed-form indefinite integral that can be written in terms of polynomials or elemen-
tary functions. For example™®  has no elementary integral. If the integral is too big
to display, Mathcad puts the answer, in text form, on the clipboard. See the section
“Long answers” on page 401 to learn what to do when this happens.

When evaluating an indefinite integral, remember that the answer to an integration
problem is not unique. KX) is an integral of a given function, sofix) + Cfor any
constantC. Thus, the answer you get from Mathcad may differ by a constant from the
answer you find in tables. If you differentiate a function and then integrate the result,
you won't necessarily get the original function back as your answer.

382 Chapter 17 Symbolic Calculation



g Mathcad I[=] B3

fra File Edit “iew |nsert Format Math Symbolics Window Help = |ﬁ'|1|
Click on "=" and choose Differentiate on Variable from the Symbolic menu. j
2 . . .
2-X" + ¥ by differentiation, yields 4-xX

by differentiation, yields - C_ cosh OO + X sinh ()())
cosh(x) cosh ()2

Click on "=" and choose Integrate on Variable from the Symbolic menu.

x2.e® by integration, yields xZexp(X) - 2.x-exp(x) + 2 exp(X)
X +a
2. b by integration, yields l-ln()(z . b) . i-atan X

? do U

o o

Prezz F1 for help. W ait Page 1 i

Figure 17-15: Differentiating and integrating expressions.

Definite integrals

To symbolically evaluate a definite integral:
m Type&to create the integral operator with its empty placeholders.

m  Fill in the placeholders for the limits of integration. These can be variables,
constants, or expressions.

m  Fill in the placeholder for the integrand.
m  Fill in the placeholder next to the “d.” This is the variable of integration.

m PresqCtrl ]. (the control key followed by a period). Mathcad displays an arrow,

m PressEnter ]to see the result.

The symbolic processor will attempt to find an indefinite integral of your integrand
before substituting the limits you specified. See Figure 17-14 for an example. If the
symbolic processor can't find a closed form for the integral, you'll see an appropriate
error message.

If the symbolic integration succeeds and the limits of integration are integers, fractions,
or exact constants likes you'll get an exact value for your integral. If the integrand or
one of the limits contains a decimal point, the symbolic answer will be a number
displayed with 20 significant digits. Use thheat keyword described in “Floating point
evaluation” on page 369 to generate a result with a different number of significant digits.

This answer will in general agree with the answer you get by evaluating the same
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Limits

integral numerically. The symbolic and numerical answers are, however, obtained in
very different ways. Mathcad's symbolic processor:

m Finds an indefinite integral.
m  Subtracts its value at the lower limit of integration from its value at the upper limit.

The numerical integration routine, on the other hand:
m  Samples the integrand at many points in the interval of integration.

m Uses these samples to approximate the integral.

The accuracy of this numerical integration depends on the value you set for the variable
TOL and on the smoothness of the function you are integrating.

Of course, many functions do not have a closed form integral, and definite integrals
involving these functions caonly be calculated numerically. Integrals for which the
integrand is not smooth (has a discontinuous derivative) might not be evaluated
correctly by the symbolic processor. See the section “Integrals” in Chapter 12 for more
on Mathcad's numerical integration.

Mathcad provides three limit operators. These can only be evaluated symbolically.
They cannot be evaluated numerically. To use the limit operators:

m PresqCtrl ]L to create the limit operator. To create operators for limits from the
left or right, pres$Ctrl 1B or[Ctrl ]A.

m Enter the expression in the placeholder to the right of the “lim.”
m Enter the limiting variable in the left-hand placeholder below the “lim.”
m Enter the limiting value in the right-hand placeholder below the “lim.”

m PresqCtrl ]. (the control key followed by a period). Mathcad displays an arrow,

— .

Press Enter ]to see the result.

Mathcad will return a result for the limit. If the limit does not exist, Mathcad returns
an error message. Figure 17-16 shows some examples of evaluating limits.
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Figure 17-16: Evaluating limits.

Solving equations symbolically

This section discusses how to use either keywords or menu commands from the
Symbolicsmenu to symbolically solve an equation for a variable, find the symbolic
roots of an expression, and solve a system of equations symbolically. Most of the
examples in this section demonstrate “live” solving using symbolic keywords, but you
may apply commands from t&g/mbolicsmenu to expressions on a case by case basis
if you prefer. Keep in mind that, unlike the keyword-modified expressions, expressions
modified by commands from tf&ymbolicsmenu do not update automatically, as
described in the section “Using the Symbolics menu” on page 366.

Solving equations symbolically is far more difficult than solving them numerically.
You may find that the symbolic solver does not give a solution. This may happen for
a variety of reasons discussed in “Limits to symbolic processing” on page 401.

Solving an equation for a variable

To solve an equation symbolically for a variable, use the keysalke
m  Type the equation. Make sure you (i€ ]=to create the equal sign.

m PresqCtrl ][Shift ]. (hold down the control and shift keys and type a period).

Mathcad displays a placeholder to the left of the arrow..
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m In the placeholder, typsolve followed by a comma and the variable for which
to solve.

m PressEnter ]to see the result.

Mathcad will solve for the variable and insert the result to the right of tHe Note
that if the variable was squared in the original equation, you mawgahswers back
when you solve. Mathcad displays these in a vector. Figure 17-17 shows an example.

Another way to solve for a variable is to enter the equation, click on the variable you
want to solve for in an equation, and choWseiable 0 Solvefrom theSymbolics
menu.
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Figure 17-17: Examples of solving equations, solving inequalities, and finding
roots.

You can also solve an inequality entered using the symbpls<and>. Solutions to
inequalities will be displayed in terms of Mathcad boolean expressions. If there is more
than one solution, Mathcad places them in a vector. A Mathcad boolean expression
such ax <2 has the value 1 if it is true and 0 if it is false. Thus the solutigsléss

than 2 and greater tha2” would be represented by the expresgrr: 2) [{-2 < X)

Finding the roots of an expression

You can use theolvekeyword to find the roots of an expression in a manner similar
to that of solving an equation in a variable:

m  Type the expression.
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PresqdCtrl J[Shift ]. (hold down the control and shift keys and type a period).
Mathcad displays a placeholder to the left of the arrow,.”

In the placeholder, typsolve followed by a comma and the variable for which
to solve.

Press Enter ]to see the result.

Note that there is no need to set the expression equal to zero. When Mathcad doesn't
find an equals sign, it assumes you mean to set the expression equal to zero. See Figur
17-17 for an example.

Solving a system of equations symbolically: The “solve” keyword

One way to symbolically solve a system of equations is to use thessarakeyword
used to solve one equation in one unknown. To solve a systerequiations fon
unknowns:

Press Ctrl ] Mto create a vector havimgrows and 1 column.

Fill in each placeholder of the vector with one of thequations making up the
system. Make sure you ufetrl ]=to create the equals sign.

PresqdCtrl J[Shift ]. (hold down the control and shift keys and type a period).
Mathcad displays a placeholder to the left of the arrow,.”

In the placeholder, typsolve followed by a comma.
Press Ctrl ] Mto create a vector havingrows and 1 column.

Press Enter ]to see the result.

Mathcad displays the solutions to the system of equations to the right of the arrow.
Figure 17-18 shows an example.

Solving a system of equations symbolically: Solve block

Another way to solve a system of equations symbolically is to use a solve block, similar
to the numerical solve blocks described in Chapter 15, “Solving Equations.”

Type the wordsiven This tells Mathcad that what follows is a system of equations.
You can typesivenin any combination of upper and lower case letters, and in any
font. Just be sure you don't type it while in a text region or paragraph.

Now type the equations in any order below the w®igen Make sure you press
[Ctrl ]=to type “=.”

Type theFind function as appropriate for your system of equations. This function
is described “Systems of equations” on page 321. The arguments of the function
are the variables for which you are solving.

PresqCtrl ]. (the control key followed by a period). Mathcad displays the
symbolic equal sign.

Click outside thd=ind function.
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Mathcad displays the solutions to the system of equations to the right of the arrow. If
theFind function has one argument, Mathcad returns one result. Fitlochas more

than one argument, Mathcad returns a vector of results. For example, Hime{urns

a vector containing the expressionsxXandy that solve the system of equations. Note
that if your system is an overdetermined linear systenkitiefunction will not return

a solution. Use th®linerr function instead ofFind. Minerr will return an answer that
minimizes the errors in the constraints.

Most of the guidelines for solve blocks described in Chapter 15, “Solving Equations,”
apply to the symbolic solution of systems of equations. The main difference is that
when you solve equations symbolically, you should not enter guess values for the
solutions.

Figure 17-18 shows an example of a solve block used to solve a system of equations
symbolically. For more information on solve blocks, see Chapter 15, “Solving Equa-
tions.”
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Figure 17-18: Solving a system of equations symbolically.

Symbolic matrix manipulation

This section describes how to find the symbolic transpose, inverse, and determinant of
amatrix. The examples in this section demonstrate “live” symbolic matrix manipulation
using the matrix operators, described in Chapter 10, “Vectors and Matrices,” and the
symbolic equal sign. You may, however, apply Megtrix commands from the

388

Chapter 17 Symbolic Calculation



Symbolicsmenu to matrices on a case by case basis if you prefer. Keep in mind that,
unlike matrices evaluated with the symbolic equal sign, matrices modified by com-
mands from th&ymbolicsmenu do not update automatically, as described in the
section “Using the Symbolics menu” on page 366.

Finding the symbolic transpose

To find the symbolic transpose of a matrix:

m Place the entire matrix between the two editing lines by click®pgce ] one or
more times.

m PressCtrl ] 1 to create the matrix transpose operator.

m PresqCtrl ]. (the control key followed by a period). Mathcad displays an arrow,

“ ”
- .

m  Press Enter ]to see the result.
Mathcad returns the matrix with its rows and columns swapped to the right of the “

Another way to find the transpose of a matrix is to select the matrix and choose
Matrix O Transposefrom theSymbolicsmenu.

Finding the symbolic inverse

To find the symbolic inverse of a square matrix:

m Place the entire matrix between the two editing lines by click®pgce ] one or
more times.

m Press*-1 to indicate matrix inversion.

m Press[Ctrl ]. (the control key followed by a period). Mathcad displays an arrow,

“ ”
- .

m PressEnter ]to see the result.

Mathcad will return a symbolic representation for the inverse of the selected matrix to
the right of the %"

Another way to find the inverse of a matrix is to select the matrix and choose
Matrix O Invert from theSymbolicsmenu.

Finding the symbolic determinant

To find the symbolic determinant of a square matrix:

m Place the entire matrix between the two editing lines by click®pgce ] one or
more times.

m Presq to create the matrix determinant operator.

m PresqCtrl ]. (the control key followed by a period). Mathcad displays an arrow,

- .

m PressEnter ]to see the result.
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Mathcad will return a symbolic representation for the determinant of the selected matrix
to the right of the %.”. Keep in mind that this is usually a lengthy expression.

Another way to find the determinant of a matrix is to select the matrix and choose
Matrix O Determinant from theSymbolicsmenu.
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Figure 17-19: Symbolic matrix operations.

Symbolic transforms

This section describes how to perform the Fourier, Laplace, and z-transforms, and their
inverses. The examples in this section demonstrate “live” transformations using sym-
bolic keywords, but you may apply tieansforms commands from th8ymbolics

menu to expressions on a case by case basis if you prefer. Keep in mind that, unlike
keyword-modified expressions, expressions modified by commands fr@wgrtiteol-
icsmenu do not update automatically, as described in the section “Using the Symbolics
menu” on page 366.

Figure 17-20 shows some examples of symbolic transforms in Mathcad. Note that the
result may contain functions that are recognized by Mathcad's symbolic processor but
not by its numeric processor. An example is the fundimac in the middle of Figure
17-20. You'll find numerical definitions for this and other such functions at the end of
this chapter and in the on-line Help.
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Figure 17-20: Performing symbolic transforms.

When you perform a symbolic transform, Mathcad returns a function in a variable

commonly used in the context of the transform. You can substitute a different variable

for the one Mathcad returns by usingsbstitutekeyword. See the section “Symbolic

algebra” on page 368 for information on substituting one variable for another.
Fourier and inverse Fourier transformations

To evaluate the Fourier transform of a function, use the keyfoaréer :
m Enter the expression to be transformed.

m PresqCtrl ][Shift ]. (hold down the control and shift keys and type a period).

Mathcad displays a placeholder to the left of the arrow..
m Inthe placeholder, tydeurier  followed by a comma and the transform variable.
m  Press Enter ]to see the result.

Mathcad returns a function af given by:
+ o0 .
J’_oo f(t)e ' 0tdt

wheref(t) is the expression to be transformed.

Mathcad returns a function in the variablevhen you perform a Fourier transform

since this is a commonly used variable name in this context. If the expression you are
transforming already contains enMathcad avoids ambiguity by returning a function

of the variablenw instead.
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Another way to evaluate the Fourier transform of an expression is to enter the expression
and click on the transform variable. Then chobsansform O Fourier from the
Symbolicsmenu.

To evaluate the inverse Fourier transform of a function, use the keynwiodrier :
m Enter the expression to be transformed.

m PresqCtrl ][Shift ]. (hold down the control and shift keys and type a period).
Mathcad displays a placeholder to the left of the arrow,.”

m In the placeholder, typavfourier followed by a comma and the transform
variable.

m PressEnter ]to see the result.

Mathcad returns a function bfjiven by:
L7 Fw)eitdo
oo

whereF(w) is the expression to be transformed.

Mathcad returns a function in the variablghen you perform an inverse Fourier
transform since this is a commonly used variable name in this context. If the expression
you are transforming already containg Mathcad avoids ambiguity by returning a
function of the variablé instead.

Another way to evaluate the inverse Fourier transform of an expression is to enter the
expression and click on the transform variable. Then chomsesform O Inverse
Fourier from theSymbolicsmenu.

Laplace and inverse Laplace transformations

To evaluate the Laplace transform of a function, use the keyaplate
m Enter the expression to be transformed.

m PresqCtrl ][Shift ]. (hold down the control and shift keys and type a period).
Mathcad displays a placeholder to the left of the arrow,.”

m Inthe placeholder, tydaplace followed by a comma and the transform variable.
m  Press Enter ]to see the result.

Mathcad returns a function efgiven by:

+ o0 st
J’O f(t)eSldt

wheref(t) is the expression to be transformed.

Mathcad returns a function in the variabl&hen you perform a Laplace transform
since this is a commonly used variable name in this context. If the expression you are
transforming already contains srMathcad avoids ambiguity by returning a function

of the variablessinstead.
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Another way to evaluate the Laplace transform of an expression is to enter the
expression and click on the transform variable. Then chbsesform O Laplace
from theSymbolicsmenu.

To evaluate the inverse Laplace transform of a function, use the keywtaplace:
m Enter the expression to be transformed.

m PresqCtrl ][Shift ]. (hold down the control and shift keys and type a period).
Mathcad displays a placeholder to the left of the arrow,.”

m In the placeholder, typaviaplace  followed by a comma and the transform
variable.

m PressEnter ]to see the result.

Mathcad returns a function bfjiven by:

_1_ O+io st
orefo—io F(s)es'dt

whereF(s) is the expression to be transformed and all singularitie¢spfare to the
left of the lineRe(s) = o .

Mathcad returns a function in the variablehen you perform an inverse Laplace
transform since this is a commonly used variable name in this context. If the expression
you are transforming already contains ®athcad avoids ambiguity by returning a
function of the variablé instead.

Another way to evaluate the inverse Laplace transform of an expression is to enter the
expression and click on the transform variable. Then chbasesform O Inverse
Laplace from theSymbolicsmenu.

zand inverse z-transformations

To evaluate the-transform of a function, use the keywattdans:
m Enter the expression to be transformed.

m PresqCtrl ][Shift ]. (hold down the control and shift keys and type a period).
Mathcad displays a placeholder to the left of the arrow,.”

m Inthe placeholder, typetrans  followed by a comma and the transform variable.
m  Press Enter ]to see the result.

Mathcad returns a function afgiven by:

+ o0 f Z_n
nZO (n)

wheref(n) is the expression to be transformed.
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Mathcad returns a function in the variabl@hen you perform atransform since this

is a commonly used variable name in this context. If the expression you are transforming
already contains a Mathcad avoids ambiguity by returning a function of the variable
zzinstead.

Another way to evaluate ttzetransform of an expression is to enter the expression and
click on the transform variable. Then chodsansform O z-Transform from the
Symbolicsmenu.

To evaluate the inversetransform of a function, use the keywadndztrans:
m Enter the expression to be transformed.

m PresqCtrl ][Shift ]. (hold down the control and shift keys and type a period).

Mathcad displays a placeholder to the left of the arrow..

m In the placeholder, typavztrans  followed by a comma and the transform
variable.

m PressEnter ]to see the result.

Mathcad returns a function afgiven by a contour integral around the origin:

i n-1
2ni_[C F(z)z"~-dz

whereF(2) is the expression to be transformed &nid a contour enclosing all
singularities of the integrand.

Mathcad returns a function in the variable’hen you perform an invergeransform

since this is a commonly used variable name in this context. If the expression you are
transforming already contains apMathcad avoids ambiguity by returning a function

of the variablenn instead.

Another way to evaluate the invers&ransform of an expression is to enter the
expression and click on the transform variable. Then chomsesform O Inverse z-
Transform from theSymbolicsmenu.

Symbolic optimization

In general, Mathcad's symbolic processor and Mathcad's numerical processor don't

communicate with one another. Because of this, it's possible to set up a complicated
numerical calculation without knowing that you could have reduced it to an equivalent
but much simpler problem by judicious use of the symbolic processor.

You can, however, make the numerical processor ask the symbolic processor for advice
before starting what could be a needlessly complex calculation. In effect, the symbolic
processor acts like the numerical processor's consultant, examining each expression
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and recommending a better way to evaluate it whenever possible. It does this for each
expression in the worksheet except for those you specifically tell it to ignore.

For example, if you were to evaluate an expression such as:

J'g J'OV J'(‘)Nxz +y2 + z2dx dy dz

Mathcad would undertake the laborious task of evaluating a numerical approximation
of the triple integral even though one could arrive at an exact solution by first
performing a few elementary calculus operations.

This happens because by itself, Mathcad's numerical processor does not know enougt
to simplify before plunging ahead into the calculation. Although Mathcad's symbolic
processor knows all about simplifying complicated expressions, these two processors
do not consult with each other. To make these two processors talk to each other, choose
Optimization from theMath menu.

Once you've done this, Mathcad's live symbolic processor steps in and simplifies all
expressions to the right of a “:b&forethe numerical processor gets a chance to begin
its calculations. It will continue to do so until you choGg#imization from theMath

menu once more to remove the checkmark.

If Mathcad finds a simpler form for the expression, it responds by doing the following:
m It marks the region with a red asterisk.

m Itinternallyreplaces what you've typed with a simplified form. The expression you
typed is left unchanged; Mathcad simply works with an equivalent expression that
happens to be better suited for numerical analysis.

m Mathcad evaluates this equivalent expression instead of the expression you speci-
fied. To see this equivalent expression, double-click on the red asterisk beside the
region.

If Mathcad is unable to find a simpler form for the expression, it plabkegeasterisk
next to it.

In the previous example, the symbolic processor would examine the triple integral and
return the equivalent, but much simpler expression:

%(W?’VU + WVBu + wvid)

To see this expression in a pop-up window click on the red asterisk with the right mouse
button and choosehow Popupfrom the context menu (see Figure 17-21). To dismiss
the pop-up, click the close box in the upper right corner.
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Figure 17-21: A pop-up window showing the equivalent expression that
Mathcad actually evaluates.

Since this simplified form contains no integral, Mathcad's numerical processor no
longer needs to use a lengthy numerical algorithm to evaluate the integral. This offers
two advantages:

m By avoiding time-consuming integration, Mathcad's numerical processor can eval-
uate the expression far more quickly.

m  Mathcad avoids all the computation issues inherent in numerical integration.

There may be times when you don't want Mathcad's symbolic processor to examine a
particular equation. You may want to evaluate an expression exactly as you've typed
it. To do so, right-click on the expression and chd@stmize from the context menu.

This procedure disables optimization for that expression.

Using functions and variables

Mathcad's symbolic processor does not treat functions and variables in exactly the same
way as its numerical processor. These differences revolve around the answers to the
following question:

m Does the symbolic processor “know” that a function or variable is defined else-
where?
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The answer to this depends on two things:
m |s the function or variable built-in or is it defined somewhere on the worksheet?
m Are you using the symbolic equal sign or a menu command?

The next two sections describe what Mathcad does with variables and functions in a
symbolic transformation.

A related question is the converse. Symbolic transformations can sometimes return
functions and constants which do not exist in Mathcad's list of built-in functions and
constants. These are described in the section “Special functions” on page 398.

Built-in functions and variables

As a general rule, built-in functions retain their meanings when used in symbolic
transformations provided that it makes sense for them to do so. For example, functions
like sin andlog keep their meanings because these have a commonly accepted
mathematical meaning. Other functions likeerp orrnd lack any commonly accepted
meaning so Mathcad doesn't attempt to assign one.

Built-in functions that do retain their meanings when used in symbolic calculations
include: trigonometric and hyperbolic functions and their inverses; logarithmic and
exponential functions; thReandlIm functions; theerf function; thel” function; the
modfunction;® (the Heaviside step functionpjaxandmin; and thadentity and
eigenvalgunctions for matrices.

In general, these functions mean the same thing for both numerical evaluations and
symbolic transformations. There are two subtle differences:

m  Unlike the numericainodfunction, the symbolimodfunction requires an integer
modulus, and can accept a polynomial as its first argument.

m Certain of the inverse trigonometric functions use different branches in the complex
plane.

As a general rule, built-in constants also retain their meanings when used in symbolic
transformations provided that it makes sense for them to do so. The symbolic processor
will recognizer, eand« . Moreover, these will have their exact meanings when used
symbolically. When symbolic transformations are involved, there is no need to limit

o to 10397 or to limitTt to only fifteen digits of precision.

Built-in constants lacking an intuitive mathematical meaning are not recognized by the
symbolic processor. For exampi&®L andORIGIN will not have their usual meanings
in symbolic transformations. They will be treated like any other undefined variable.

Figure 17-22 shows the difference in the way Mathcad treats functions in symbolic
transformations. Note that the symbolic processor will recognize and evaluaie the
function, but when asked to evaluated(3) the symbolic processor simply returns
rnd(3).
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User-defined functions and variables

Functions and variables you define yourserecognized by the symbolic processor
when you use the symbolic equal sign discussed in the next sectiorarehayt
however, recognized when you (Bgmbolicsmenu commands. Figure 17-22 shows
the difference.
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....hut not the ones that don't have a commonly accepted meaning.
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Inix =
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Figure 17-22: The symbolic processor recognizes certain built-in functions.
Functions and variables you define yourself are only recognized when you
use the symbolic equal sign.

Special functions

A symbolic transformation sometimes comes back in terms of a function which isn't
part of Mathcad's list of built-in functions. The list below gives definitions for those
special functions. Except f@i, erf, andZeta all of which involve infinite sums, and

W, you can use these definitions to calculate numerical values.

You can define many of these functions in Mathcad. See the “Special Functions” topic
in the Quicksheets of the Resource Center for examples.

yis Euler's constant, approximately 0.5772156649.

Chi(x) = y+ In(x) +J’0X%h(ttl:-1dt

398 Chapter 17 Symbolic Calculation



Ci(x) = y+ (X +J’;&S(?—‘—-ldt

csgn(z) = 1if Re(z)>0 or (Reg(z) = 0 andim(z)=0 );-1 otherwise.
Define in Mathcad asf(Re(z) #0, 2d(Re(z)) — 1, 2P (Im(z)) —1)

X
dilog(x) =  \n(0) y
11—t
Dirac(x) = 0 if xis not zero. i Dirac(x)dx = 1

Ei(x) = y+|n(x)+n°:1nX_£1! (x> 0)

( 1)n22n

erf(x) = Jﬁz nl(2n+1)

(for complexz)

X
Fresnel@x) = J’O cos%[tzgjt

Fresnel$x) = J’;sin%tZBjt

232,112
Legendrefx, k) —J’ 0 1k B 51

LegendreE¢k) = LegendreE 1k)

LegendreEc(k) = LegendreE¢Y 1k2)

1

. dt
b aaem

Legendrefx, k) =

LegendreK¢k) = Legendref 1k)
LegendreKcik) = LegendreK¢./ 1 k2)

1

Ja-n2od).Ja-oa-Kk )

LegendreR(x, n, K) =
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LegendrePién, k) = LegendreP{ 1n, k)
LegendrePic(k) = LegendrePifn, J/1—-k?2)

dn
Psi(n, k) = d—nPsi(x)
X

Psi(x) = %In(r(x))
Shi(x) = J’Oxi“[@dt
Si(x) = J’:Mdt

t

signumx) = 1 if x = 0, x/|{ otherwise; calculate in Mathcad as
(x=0) +x/|X .

W(x) is the principal branch of a function satisfyidd x) Cexp(W(x)) = x
W(n X is thenth branch of\M(x).

Zeta( §( i nis) (s>1)
n=1

The functionsarcseg arccsg arccot, arcsecharcscsharccothcan be calculated by
taking reciprocals and using the Mathcad built-in functames asin etc. For example:

arcseqx) := aco%—t%

ThePsifunction and™ appear frequently in the resultsidefinitesums and products.
If you use a single variable name rather than a full range in the index placeholder of a
summation or product, and you cho@&eluate Symbolicallyor one of the other
symbolic evaluation commands, Mathcad will attempt to calculate an indefinite sum
or product of the expression in the main placeholder. The indefinite sf(ijisfan
expressior§(i) for which

S(i+1)—-8(i) = (i)

The indefinite product df(i) is an expressioR(i) for which

PGi+1) _

O
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Limits to symbolic processing

Long answers

As you work with the symbolic processor, you will undoubtedly discover two things:
m  many problems caonly be solved numerically, and

= many more problems yield such lengthy expressions that you'll widhagmolved
them numerically.

For a computer, symbolic operations are, in general, much more difficult than the
corresponding numerical operations. In fact, if you write down a complicated function
at random, the chance is very small that either its roots or its integral can be expressed
in a simple closed form. For example, there is no formula for the roots of a general
polynomial of degree 5 or higher, even though exact roots can be found for some special
cases.

Many deceptively simple-looking functions made up of elementary pieces like powers
and roots, exponentials, logs, and trigonometric functions have no closed-form integral
that can be expressed in terms of these same functions.

When an equation has several solutions, Mathcad sometimes returns only a partial
solution and asks if you want this result placed in the clipboard. If you click “OK,”
Mathcad shows a vector containing the solutions found and the word “Root”. In the
clipboard, in place of the word “Root” you will see an expression of the form “RootOf
(function_of_Z)”. The roots of the indicated function are solutions of the original
equation.

As with other symbolic operations, the answers you get depend on whether the constants
in your equation contain decimal points. If your constants are pure rational numbers
like 1/2 or 4, the symbolic solver will try to find &xactsolution. For example, the
solution to the second equation in Figure 17-17 is exact. But if you had defiode

“34.0” instead of “34”, Mathcad would have given approximate numerical values.

Symbolic calculations can easily produce answers so long that they don't fit conve-

niently in your window. If the answer consists of the sum of several terms, you can

reformat such an answer by using Mathcad's “Addition with line break” operator

described in the section “List of operators” in Chapter 12.

To break an expression with plus signs:

m Click just to the right of the term that appears immediately before the plus sign at
which you want to break the expression.

m  PresgSpace] until the all the terms from the first to the selected on are held
between the two editing lines.

m PresgDel ]. The plus sign just after the editing lines will disappear.

m  Now type[Ctrl ][Enter ]to insert the plus with break.
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You can repeat this process if there are several terms connected by plus signs.

Sometimes, a symbolic answer will be so long that you can't conveniently display it in
your worksheet. When this happens, Mathcad will ask if you want the answer placed
in the clipboard. If you click “OK,” Mathcad places a string representing the answer
on the clipboard.

When you examine the contents of the clipboard, you'll see an answer written in a
Fortran-like syntax as shown in Figure 17-23. This syntax uses the following conven-
tions:

m  The symbols ++, *, and / stand for the basic arithmetic operations. Exponentiation
is denoted by “**”.

m The derivative of(x) with respect ta is written “diff (f(x), X) ”. Thenth derivative
is “diff (f(x), x$n) ".

m  A“D”also stands for the partial derivative operator. Tithederivative is (D, n) "
The partial derivative of a function with respect tonits argument is (D[n]) ”.

m The integral of(x) with respect to is written “int(f(x), x) ”.
m  The summation and product operators appear as “sum( )" and “product( )".

m The operator “@" denotes function composition. For example, (Sin@éxp}be
same as sin(exy)). A “@ @ represents repeated composition, @ @2)§) is
the same agf(x)).

m  “RootOf(equation” stands for any root of an algebraic equation. (For example,
“RootOf(Z**2 + 1)” represents eithdror —i .)

m  Youmay see embedded font codes (like “MFNT_03_") preceding the variable name
to indicate the font in which the variable name is to appear.

To insert the answer as text into your Mathcad worksheet:
m Click in an empty area.

m ChoosePastefrom theEdit menu.

To save a long clipboard answer as a separate text file, cBagsés from the
Clipboard'sFile menu.
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Figure 17-23: A long symbolic answer in the clipboard.
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